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New Form of Rational Function in NMR
Lineshape Fitting: Application to Four Overlapping
Resonances from a Three-Spin System

D. E. Roberts,' Y. Z. Wu,? R. Yusaf,! J. Higinbotham,?* A. J. Shand' and 1. C. Malcolm*
! Department of Mathematics, Napier University, 10 Colinton Road, Edinburgh EH10 5DT, UK
2 Department of Applied Chemical and Physical Sciences, Napier University, 10 Colinton Road, Edinburgh EH10 5DT, UK

The analyses of NMR and ESR spectra involve the accurate and fast determination of parameters such as position,
width and intensity in the presence of noise. A new frequency domain method, using rational functions based on sets
of orthogonal polynomials to simulate the NMR lineshape, has been developed. This method does not require any
initial values for the parameters and is not restricted to a particular lineshape. It is illustrated by application to the
simulated spectra of the four resonances for the C-26 and C-27 carbon atoms in the *3C NMR spectrum of 16.67
mol.% [25,26,27-'3C]cholesterol in dimyristoylphosphatidylcholine vesicles for various noise levels and spectro-
meter frequencies. © 1997 by John Wiley & Sons, Ltd.
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INTRODUCTION

The analysis of spectra, such as those from NMR and
ESR, involves the accurate and fast determination of
parameters such as position, width and intensity in the
presence of noise. The analysis may be performed in
either the time domain or the frequency domain. For
magnetic resonance spectroscopy (MRS) performed in
vivo on humans, where large baseline distortions are
usually present along with low signal-to-noise (S/N)
ratios, linear prediction techniques applied in the time
domain have proved useful.! This approach has recently
been extended by including the total least-squares tech-
nique to estimate the parameters.?

For NMR spectra, a common approach in the fre-
quency domain is to fit the resonances in the spectrum
with a linear combination of Lorentzian and Gaussian
shapes using a non-linear least-squares procedure.® The
fitting of this lineshape function can also be performed
in the time domain.*

Accurate values of scalar coupling constants are an
important aid in the determination of chemical struc-
ture. In order to determine these scalar coupling con-
stants, it is necessary to determine accurately the
positions of the associated resonances. Poorly resolved
scalar interaction splittings can be measured with
improved accuracy by using the signal processing tech-
nique of J-doubling in the frequency domain.> For Lor-
entzian lineshapes with S/N ratios >20, complex
least-squares fitting in the frequency domain can be per-

* Correspondence to: J. Higinbotham.
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formed automatically, taking into account baseline cor-
rections.®

Rational functions were introduced by Maltempo’
for approximating two overlapping resonances having
generalized spectroscopic lineshapes. These functions
have two main advantages, namely of being entirely
general even if the lineshape is asymmetric, and of not
requiring any preliminary knowledge of parameters.
More recently, Bergmann et al.® have investigated two
overlapping resonances of Lorentzian shape using
rational functions. In the present study we used rational
functions based on sets of orthogonal polynomials.
Although in principle this method may be applied to
more general lineshapes, the application in the present
work is also to those of the Lorentzian form. The
spectra are assumed to be correctly phased so that only
real data are considered.

In this paper, the details of the new method are pre-
sented. The method is then illustrated by applying it to
the simulated spectrum of the four C-26 and C-27
resonances of the isopropyl group in the *C NMR
spectrum of 16.67 mol.% [25,26,27-13C]cholesterol in
dimyristoylphosphatidylcholine (DMPC) vesicles® for
various noise levels and spectrometer frequencies.

THEORY

This section is concerned with the presentation of an
iterative method of determining a rational function
which fits a given lineshape in a least-squares sense.'®
For the case of m Lorentzian lines, the degree N of the
denominator is 2m, while that of the numerator, M, is
2m — 2. In partial fraction form, the line shape, g(x) is
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described by

xX) = _
=L ar + G
where the real numbers, 4,, o, and B, (k=1, 2, ..., m),
are to be estimated from the fit.

From a computational point of view it is important
to ensure that the problem is not ill-conditioned in
order to maintain numerical stability. Therefore, in this
paper an approach is proposed which combines the use
of rational functions as proposed by Bergmann et al.®
with the established practice of fitting polynomials to
given data using orthogonal polynomial bases.!! A
system of linear equations is solved at each iteration.®
Hence, the condition number [Eqn (29)] of this system
may be used to monitor numerical stability.

The problem may be stated as follows. For the given
data (x;, f), i=1, ..., n, two polynomials P(x), Q(x) of
maximum degrees M and N, respectively, are sought

such that the quantity
P(x;) J?
[f,- - Q} @

is a minimum. In terms of the equations determining
the coefficients of the numerator and denominator poly-
nomials, this is a non-linear problem. It may be
reduced, however, to a sequence of linear problems by
considering the following quantities for the kth iter-
ation:®

ey

9= 3 WORLQ¥0x) — PU) k=12, ()

where

W0 = [0 (9] 2 @

An iteration is begun by providing a reasonable start-
ing form for the denominator polynomial Q®(x). For
example, the results presented are obtained using
09%x)=1+x+ x*+--- + x". Since, at the kth iter-
ation stage, W®(x) is known, I’¥ may then be mini-
mised to obtain P¥(x) and Q®(x) by solving a system of
linear equations. Termination is reached when corre-
sponding polynomials of consecutive steps are suffi-
ciently close to each other. There is no guarantee,
however, that this will happen, although numerical
experiments indicate that this is usually the case.

To make the above ideas precise, the following defini-
tions are made:

M
P®(x) = Zoay‘)py‘)(x) k=0,1,... %)
=
and
N
Q¥(x)= ) bq"(x) k=0,1,... ©)
r=0

where the p{’(x) and ¢%(x) are polynomials of degrees j
and r, respectively, and in particular, g¥(x) = p¥(x) = 1
For example, we may choose p{(x) = ¢!(x) = x/.® Just
as in polynomial least-squares fitting,'! however, this
choice leads to ill-conditioning even for quite small
values of M and N.
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Pursuing the analogy with the simpler polynomial fit,
p¥(x) and ¢%(x) are now constructed to be two systems
of polynomials, orthogonal with respect to different
weight functions (see Appendix A). One system. {p{’(x):
j=0,1,..., M} consists of polynomials orthogonal to
each other with respect to the weight W®(x) on {x,, x,,
ey Xgbt

> WO)pPx)p(x) = dPs, ji1=0,1,....,. M (7)

i=1
where d*) are positive numbers. The second orthogonal
system {g®(x):r =0, 1,..., N} uses the weight sequence
{fAWB(x):i=0,1,...,n}:

2 fi2 W O )g(x)a(x;) = e[,
i=1

r,s=0,1,...., N (8)

where ¢ are positive numbers.
For an extremum of I!¥, the following equations must
hold:

o
mzo ]=0,1,...,M (9)
J
and
oI
o=0 r=L2..N (10)

where, in order to normalize the rational function
P®(x)/Q®(x), b® is set to unity. Using Eqns (3) and (5),
the condition in Eqn (9) yields

- .ZIW(k)(xi)[fi Q®(x;) — P ("’(xi)]pﬁ"’(xi) =0
j=01...,.M (11)
which may be rewritten, using Eqn (7), in matrix form:
DWg® _ clop® — gk 12)

where
\

1 n
D=3y X WD)’

1 g jl=0,1,.... M
C =g AW eapPee)( = =y 7T (19
1 n
Bf=" 3 iW W) |
i=1
and
a®=[af, af) ..., 1" (14)

b®=[bP, bP, ..., b¥P]T and HP=1 (15
Using Eqns (3) and (6), Eqn (10) becomes
Z W B(x)Lf; QP(x) — PP(x)]fiqP(x) =0 (16)
i=1

which, using Eqns (8) and (13), may be written as
E®p® — [C(k)]Ta(k) (17)
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where
ER =0,y fAPWPx)qPx)]* rs=1..,N (18)
i=1

Hence, eliminating b® from Eqn (12) using Eqn (17)
yields the matrix equation

[ D® _ C(k)[ E(k)] -1 [C(k)] T] a® = p® (19)

ie. a linear system of dimension (M + 1), in contrast
with the original one of (M + N + 1), Eqns (9) and (10).
It should be noted that E® is a diagonal matrix and
therefore has a very simple inverse. Finally, we note that
the elements of the matrices C*®, D® and E® depend on
the data (x;, f;) and the weight W® = [Q*~ V]2,

In summary, the proposed method consists in the
repeated construction and solution of the system of
linear equations, given in Eqn (19) starting from a
known Q©(x). Having computed the a{® (j=0, 1, ...,
M), Eqn (17) furnishes the b® (r=1, 2, ..., N). The
coefficients g% and h{" of x’ in each of the polynomials
P®(x) and Q™(x), respectively, may now be determined
and compared with those of the previous iteration, to
determine whether or not convergence has been
attained. Care must be taken to normalize these coeffi-
cients by ensuring that the leading coefficient of the
denominator polynomial is unity. The iterations are
continued until the following conditions are reached:

max |g¥ —g¥ V| <e (20)
0<js<M

and
max |h® — b V| < ¢ 1)

0<r<N

where £ (10~ %) is the tolerance set in the program.

Unlike polynomials, rational functions may exhibit
infinite discontinuities in the region of interest. To check
on the occurrence of such events, the zeros of the
denominator can be inspected. Numerical experiments
suggest that, if the degree of only one of the poly-
nomials, numerator or denominator, is too large then
the extra zero or pole usually lies outside the interval of
approximation. Furthermore, if the degrees of both the
numerator and denominator are greater than the
optimal values then the excess zeros and poles often
cancel each other. Thus, in a more general case than
that dealt with in this paper, where the number of peaks
is unknown, a comparison of the zeros of the numerator
with those of the denominator can be used to help
determine the optimum degrees for these polynomials.

Since each component in the spectrum corresponds
to a quadratic factor of the denominator polynomial
[cf. Eqn (1)], estimates of the position and width of a
line may be determined from the real and imaginary
parts, respectively, of the appropriate zeros of the
denominator polynomials (o, + jBi, k=1,...,m).

Estimates of these complex zeros (&, + jf;, k=1, ...,
m) are provided by the NAG routine C02AGF. The
fitted rational function may be written as

@ _ “ a, — jb
0(x) =4 [ - X — (% _.]Bk):| @2
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a + jby
x — (@ + jBy)

ie.

@ _ v |:2ak(x — &) — 2b, Bk:|
(x) a =i L (o — @) + (B

for which it is readily shown that for the real numbers
ay, bk

(23)

P(@, +jBy)
Q'@ +jBy)
where Q'(x) denotes the first derivative, with respect to
x, of the polynomial Q(x). In this presentation it is
assumed that the zeros of Q(x) are simple.

In order to perform the necessary computations in
real arithmetic, the real and imaginary parts of P(a,
+ jp,) are denoted by P¥ and P{ respectively. A
similar notation is used for Q'(a, + jf,). Hence,

PR + PO
ak = Ak

PPQRY — PROI®
where A, = [Q¥2 + [QP)* fork=1,...,m.

The real and imaginary parts of a polynomial may be
calculated using the polar form of the zeros, ie. &,

+ jBix = R, exp(jb,). For example, if Q(x) = Y, h®x",
then

ak+jbk: k:1,...,m (24)

(25)

b, (26)

N
QP = Y rh®R;™! cos[(r — 1)6,] 27
r=0
Horner’s rule is then used to evaluate the poly-
nomials.!?

In this way, a partial fraction expansion with quadra-
tic denominators is used to separate resonances which
overlap. The intensities of the underlying Lorentzian
lines are then given by

. [® 2a(x — &) — 2b, B
lim L —kTk dx =
Ja;k—a (x — “k)z + (ng)z

fork=1,...,m.

The numerical stability of this method may be mea-
sured by the condition number, k(M) of the square
matrix, M, say, on the left-hand side of Eqn (19). k(M) is
defined by

—2nb, (28)

a— o

k(M) = [M] M| (29)

where, in this paper, | M| denotes the maximum row
sum matrix norm,

M
IM] = max } |m,| (30)
0<j<M r=0

A detailed discussion of the role of condition number in
estimating round-off error in the numerical solution of
systems of linear equations is given in Ref. (12). In this
work, k(M) is used simply as an indication of numerical
stability. If k(M) is near unity then M is said to be well
conditioned. However, if k(M) is ‘significantly’ greater
than unity then the matrix M may be ill-conditioned.
This depends on machine precision, which is about
107'% in our case (e.g. double precision on a SUN
Sparcstation as used in this work). If x(M) is expressed
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in the form 107 and if Gaussian elimination is used to
solve Eqn (19) the resulting solution has about (15 — g)
correct significant figures. That is, about g significant
figures have been lost due to round-off error. “‘Well con-
ditioned’ in this instance refers to the relative security
that a small residual vector implies a correspondingly
accurate approximate solution. This measure is not pre-
cisely defined as it depends upon the machine accuracy
of the computer in use. For the same machine, the lower
the value of the condition number, the more accuracy
(significant digits) can be obtained in the solution.

APPLICATION TO THREE-SPIN (1/2, 1/2, 1/2)
SYSTEM

The isopropyl group of cholesterol is shown in Fig. 1
where, for simplicity in the following equations, carbon
atoms C-25, C-26 and C-27 are labelled C,, C, and C;,
respectively.

CHs
2

CH
(1)

CHs
@

Figure 1. Isopropyl group of cholesterol.

The spin Hamiltonian operator for the above three-
spin system?? is

H = —hBo(yI, + 7215, + y315,)
+ h(1J12T1 : T2 + 2J23T2 * T3 + 1JzuL 'T1 (31)

where % is Planck’s constant (k) divided by 2=, B, is the
applied external magnetic induction along the z axis,
“J;G,j=1,2,3,i+#j, k=1, 2) are the spin(i) — spin())
coupling constants in hertz, y, are the gyromagnetic
ratios (rad s™! T~!) and T, are the nuclear spin oper-
ators.

For the proton decoupled NMR spectrum of [25,26,
27-13C]cholesterol, the number of observed resonances
is less than that for the general ABC system,'*!’ since
it can be reasonably assumed that, for the carbon-
carbon coupling constants, 2J,;=0 and J,, =
1y, = J, say.

The derivation of the eigenvalues of H is given in
Appendix B. The allowed NMR transitions in this
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Figure 3. Theoretical calculated spectrum for C-25, C-26 and
C-27 of 16.67 mol.% [25,26,27-"3C]cholesterol in DMPC vesicles
at 90.56 MHz. The chemical shifts are with respect to TMS.

three-spin system are given in Fig. 2, with the corre-
sponding spectrum in Fig. 3 for a spectrometer oper-
ating frequency of 90 MHz. The fitting procedure is
applied to the four resonances in the lower chemical
shift (§) region in Fig. 3.

RESULTS

Figure 4(a)—(e) show the simulated symmetrical spectra
under different spectrometer operating frequencies. The
points in each simulated spectrum in these figures were
determined using the experimentally measured coupling
constants (J), chemical shifts and the relative intensity
theoretically calculated from the transition probability
matrix, with addition of 1% noise (i.e. S/N ratio of 100).
The signal is defined as the maximum height of the
underlying spectrum because the same simulated width
has been used for each line. A total of 100 evenly spaced
data points was used. The solid line represents the fitted
lineshape obtained from the new method.

Experiments were carried out using different S/N
ratios for each of the above overlapping lineshapes.
Twelve parameters representing position, width and
intensity were calculated for the four-resonances. The
position of the C-26b resonance is used to illustrate the
fitting procedure. The three-dimensional graph shown
in Fig. 5 indicates the effects of the spectrometer oper-
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Figure 2. Energy level diagram with allowed NMR transitions for the three-spin (1-2, 1/2, 1/2) ABC system of [25,26,27-"3C]cholesterol.

The energy level separations are not drawn to scale.
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Figure 4. Simulated spectra for C-26 and C-27 of 16.67 mol.% [25,26,27-"3C]cholesterol in DMPC vesicles under different spectrometer

operating frequencies: (a) 30; (b) 60; (c) 90; (d) 120; (e) 150 MHz.

ating frequency and S/N ratio on the accuracy of the
calculated position parameter for the C-26b resonance.
The ease of decomposition, describing the process of
recovering the components from the spectroscopic data,
depends on both the spectrometer operating frequency
and S/N ratio. For example, the accuracy of simulation
improves with an increase in the S/N ratio. The effects
of the spectrometer operating frequency, however, are
less straightforward. When the operating frequency is
decreased, the overlap between the C-27a and C-26b
resonances becomes weaker, while the overlap between
the C-26a and C-27a and the C-26b and C-27b reson-
ances, respectively, become stronger. For the extreme
case of an operating frequency of 30 MHz, the spectrum
appears as two well separated doublets with strong

© 1997 by John Wiley & Sons, Ltd.

overlapping within each doublet. As shown in Fig. 5,
the optimum operating frequency of 90 MHz results in
the least relative percentage error in the C-26b position
parameter. Similar graphs are obtained for all the other
parameters. Under the same circumstances, the calcu-
lated position parameters are much more accurate
(typically by a factor of 10) than the parameters for
width and intensity.

At 30 MHz, an attempt was made to fit the two
doublets independently using the same data as were
used in the four-resonance fit. Regardless of the different
S/N ratios, the fits always fail for the C-26a and C-27a
doublet owing to severe overlapping unless the range
used for fitting the above spectrum is restricted appro-
priately. Even then, the parameters are in some cases

MAGNETIC RESONANCE IN CHEMISTRY, VOL. 35, 468-476 (1997)
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Figure 5. Effects of operating frequency and S/N ratio on simulation accuracy of the position of the C-26b resonance.

less accurate than those obtained from the four-
resonance fit. In the case of the C-26b and C-27b
doublet, a fit is always obtained regardless of range, but
again the results are often less accurate than the case of
the four-resonance fit. Unlike the four-resonance fit, the
interference from one doublet is not included in the
fitting of another doublet when applying the two-
resonance fit twice. These results suggest that the new
method is more robust for the four-resonance case than
for the two-resonance case applied twice.

Comparison in terms of condition number with the
direct application of rational functions without using
orthogonal polynomials® for the four-resonance case is
shown in Table 1. This indicates that a significant
reduction in ill-conditioning is obtained by the use of
orthogonal polynomials.

The characteristic sensitivity to pre-estimates of the
standard non-linear least-squares procedure (i.e. NAG
EO4EDF) for a frequency of 90 MHz and an S/N ratio
of 100 is shown in Fig. 6, where the two axes represent
the pre-estimates of the position and width for the

Table 1. Comparison of condition numbers
obtained from rational approx-
imants with and without use of
orthogonal polynomials (O.P.)*

S/N ratio Without O.P. With O.P.
100 1.5 x10'® 4.2 x108
150 1.6 x10'® 5.2 x10°
200 1.4x10'® 5.6 x10°
250 1.9 x10'® 5.7 x10°
300 1.6x10"7 P 5.8 x10°

2 Spectrometer operating frequency = 30 MHz.
P Results obtained before the execution is ter-
minated.

© 1997 by John Wiley & Sons Ltd.

C-26b resonance. The other pre-estimates are fixed and
are equal to the exact values of the underlying param-
eters. The largest solid circle indicates the exact under-
lying values of the two variables. The open circles
represent inappropriate pre-estimates (those which lead
to physically meaningless results), while appropriate
pre-estimates are represented by the solid circles. Unless
all the pre-estimates are close to the ultimate values, the
least-squares fitting process may be very unpredictable.
For example, when the position parameter is fixed at
22.4926, a width parameter of 0.0408 is a successful pre-
estimate. Width values of 0.0458 and 0.0358, however,
both lead to poor results. Similar results are obtained
for the other cases. Moreover, the greater the overlap-
ping of the lineshapes, the more sensitive is this stan-

1
1

22.5176

0.0508

0.0358 ‘

Width (Cygp) (PPM)

— O——O——O0—¢—0—¢

0.0208

22.4176
Position (Cygp) (PPM)

Figure 6. Sensitivity of the standard non-linear least-squares
procedure to the pre-estimates of the position and width of the
C-26b resonance. The solid and open circles indicate pre-
estimates which led and failed to lead, respectively, to con-
vergence of the fitting procedure. The large solid dot represents
the exact value. The increments are 0.005 and 0.025 ppm on the
vertical and horizontal scales, respectively.
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dard method to pre-estimates. In fact, for each
resonance, there are three pre-estimates to be deter-
mined. Therefore, for cases of more than two reso-
nances, this unpredictability becomes complicated and
it makes a proper selection of pre-estimates more diffi-
cult.

At 90 MHz, 100 sets of data for 100 different seeds
were tested with an S/N ratio of 100. The average value
of each of the 12 parameters obtained from these 100
data sets for both the standard non-linear least-squares
procedure and the new approach are summarized in
Table 2. The errors indicated from the former method
are smaller than those from the new method for the tol-
erance used. This is a consequence of the slower con-
vergence of the new method close to the exact values.
Both methods take approximately the same time to
execute, namely 1.3 and 0.8 s for the new and former
methods, respectively. The new method typically used
20 iterations. Table 3 shows that the difference in the
values of the coefficients of the starting polynomials and
the fitted values from the new method are much larger
than the initial and fitted values of the parameters
(intensity, position and width) from the former method.

This demonstrates that, in contrast to the former
method, the initial values used for the new method are
essentially arbitrary. The arbitrary nature of the initial
values indicates the superior robustness of the new
method compared with the former. It should be noted
that pre-estimates for the numerator polynomial are not
required in the new method. Hence, only eight starting
values are required for the new method compared with
12 for the former method.

DISCUSSION

The new form of rational function described is well
suited to fitting overlapping resonance lines of a Lor-
entzian shape. For the example examined of four over-
lapping resonances, this method is more robust than
that previously described where the spectrum may be
considered as two doublets which are fitted indepen-
dently. By using rational functions based on sets of
orthogonal polynomials, the condition number is
greatly reduced, compared with the standard choice of

Table 2. Averages of parameter values for both the standard non-linear least-
squares procedure and the new approach from 100 sets of data with
S/N = 100 (positions and widths are given in ppm)

Exact

Parameters Species value
Intensities C-26a 1.007
C-27a 1.023
C-26b 1.228
C-27b 1.210
Positions C-26a 22.0293
C-27a 22.1401
C-26b 22.4165
C-27b 22.5272
Widths C-26a 0.035575
C-27a 0.035575
C-26b 0.035575
C-27b 0.035575

Standard New
procedure approach
1.015 £0.023 0.999 +0.037
1.010 £0.023 1.029 £0.042
1.196 £0.024 1.230 £0.036
1.228 £0.024 1.200 £0.028
22.0279 +£0.0005 22.0361 £0.03
22.1388 +0.0007 22.1306 £0.03
22.4177 £0.0005 22.4170 £0.001
22.5283 +0.0005 22.5290 +0.001
0.0358 £0.0011 0.0357 £0.0013
0.0358 £0.0010 0.0368 £0.0017
0.0357 £0.0008 0.0371 £0.0011
0.0358 +0.0008 0.0354 +0.0001

Table 3. Example to show the insensitivity of the fit for the new method over the standard non-linear least-
squares procedure (positions and widths are given in ppm)

New method
Standard method Coefficient of Starting
Parameter Species Pre-estimate Fit Difference denominator values (k =0) Fit (k =K pax) Difference
Intensity C-26a 0.0015 0.0122 0.0003 h 1.0 0.0125 0.9875
C-27a 0.0015 0.0113 0.0002 h{ 1.0 —0.0256 1.0256
C-26b 0.0136 0.0133 0.0003 h{ 1.0 0.02218 0.7782
C-27b 0.0139 0.0135 0.0004 h{ 1.0 —1.0680 2.0680
Position C-26a 22.0280 22.0286 0.0006 h% 1.0 3.1199 21199
C-27a 22.1388 22.1385 0.0003 h 1.0 —5.6617 6.6617
C-26b 22.3176 22.4176 0.1000 h® 1.0 6.2395 5.2395
C-27b 22.5283 22.5285 0.0002 h& 1.0 —3.8242 4.8242
Width C-26a 0.0358 0.0367 0.0009 h¥ 1.0 1.0 0
C-27a 0.0358 0.0359 0.0001 — — — —
C-26b 0.0458 0.0350 0.0108 — — — —
C-27b 0.0358 0.0351 0.0007 — — — —

© 1997 by John Wiley & Sons, Ltd.
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polynomials. This decrease in the condition number is
an indication of the improvement in the numerical sta-
bility of the method.

A main advantage of this approach is robustness, i.e.
the insensitivity of the fit to the choice of starting values
for the resonance parameters. Since the choice of start-
ing values is essentially arbitrary [e.g.

09x) =1+ x + x>+ -+ + xV], this method could be
used to provide suitable starting values for a subsequent
fitting procedure. This method is particularly well suited
to accurate determination of the positions of overlap-
ping resonances with good S/N ratios. As with other
methods, the ability to fit overlapping resonance peaks
decreases as the S/N ratio decreases.
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APPENDIX A

Orthogonal polynomials with respect to a weight function

It is required to construct polynomials p;(x) each of
degree j, for j =0, 1, ..., orthogonal over the given set
of points (x4, X,, ..., X,) with respect to a given weight
function W(x) [W(x;) >Oforall x;,i=1,2,...,n],ie.

3 W xdpix) = 4,9, (A1)

where 4; > 0. This is achieved using the recurrence rela-
tion
Pj+1(X) = (x — pj+ JPAX) — 0;p;—1(x) j=0,1,...
(A2)

with the initialization p_;(x) = 0, py(x) = 1. The param-
eters p;,; and o; are defined at each stage by

b= 3 WD S Wl (43

;= izil W(x)[pAx)]? / ii W(x)[p;-1)[x:)]* (A4)

A derivation of this result was given by Ralston and
Rabinowitz.!!

APPENDIX B

Calculation of energy levels and transition probabilities
for the three-spin (1/2, 1/2, 1/2) ABC system

The spin Hamiltonian operator for a scalar-coupled
ABC system with isotropic chemical shift interaction'?
is given by Eqn (21)]. The matrix of this Hamiltonian in
the product basis was given by Poole and Farach.!?

The eigenvalues of the lowest and the highest energy
levels are

E; =h[—By(yy + 72 +73) + 2nJ]/2 (B1)
Eg = h[Bo(y1 + 7y, + 73) + 2nJ]/2 (B2)

The remaining six eigenvalues result from the solutions
of two cubic equations. Using the assumptions
described in Eqns (22) and (23), these simplify to give

© 1997 by John Wiley & Sons Ltd.

the following solutions:A?

E, = h{p cos[(cos~* q)/3] —t,/3}/2 (B3)
E; = h{p cos[(cos™ ! q)/3 + 2r/3] —t,/3}/2 (B4)
E, = h{p cos[(cos™ ! q)/3 + 4n/3] —t,/3}/2 (B5)

_ [Al, —t%3]
p- [t ®6)

4
q= ? (¢t — 3t3 — %t13) B7)

where
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and
ty = Bo(y1 + y2 + 73) + 2nJ (B8)
ty = —Bo’ (1% + 72% + 13 — 29172 — 21273 — 27371)

+ 4nByy,J — 8n2J? (B9)
ty = Bo®[y1% — (72 — 13)*1[Bo(y2 + 73 — v1) + 27J]

— 8n%B,y,J? (B10)
Similarly, E5, E; and E, are given by

Es = h{u cos[(cos ™! v)/3] — s5,/3}/2 (B11)

E¢ = h{u cos[(cos ™! v)/3 + 2r/3] — 5,/3}/2 (B12)
E, = h{u cos[(cos ! v)/3 + 4n/3] — 5,/3}/2 (B13)

where
u= 4|s, — 512/3| (B14)
v 3
v—i(ss — 355 — 25,°) (B15)
=3, 5152 3 — 5§51
and
s = —Bo(yy + 72 +73) + 21J (B16)
S2 = —Bo®(r1® + v12 + 3% — 29172 — 29273 — 293 91)
— 4nB,y,J* — 8n2J? (B17)
3 = Bo*[71% — (v2 — 73)*1[Bo(ys — 72 — ¥3) + 21J]
+ 87%B, y,J> (B18)

© 1997 by John Wiley & Sons, Ltd.

The corresponding eigenfunctions are used to obtain
the transition probability matrix elements'* between
these energy levels. There are 28 possible transitions but
13 of them have matrix elements which are identically
zero. Of the remaining 15, three (7-2, 6-3 and 5-4) have
negligibly small elements. The frequencies of the
remaining 12 transitions are shown in Fig. 2. For
example,

W35, = (E4 — Ey)/h (B19)

The relative intensity of a transition E; — E; is obtained
from the square of the corresponding transition ele-
ments.

The allowed NMR transitions in this three-spin
system are indicated in Fig. 2. The 12 transitions
include five pairs of doublets, the components of which
are too close to be resolved. Fig. 3 shows the calculated
positions and intensities of the remaining seven lines in
the spectrum for the particular isopropyl three spin-1/2
ABC system used in this study, for a spectrometer oper-
ating frequency of 90.56 MHz.

The fitting procedure is applied to the four reson-
ances shown in the lower chemical shift range of Fig. 3.
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